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In this paper, the global stability of systems of the generalized Volterra type: 
d.r 
--L = Xi 
dt i 
;- a,xj + bi , 
) 
i = I..... n. 
,T, 
is investigated. It is shown that a stable equilibrium point of (I) must be a solution 
of corresponding linear complementarity problem. Further. when the structure of 
(I ) is restricted, the known stability condition is proved to be necessary and 
sufftcient for the existence of a stable equilibrium point for every b E R”. Some 
structures satisfying these restrictions are given. 
1. INTRODUCTION 
A system of the generalized Volterra type is described by ordinary 
differential equations of the following type: 
i Uijxj(f) + bi 9 
I 
i = l,..., n. 
j=l 
(1.1) 
Here de/dt denotes derivatives with respect to time f, xi(t) is the ith state 
variable, aij representes the effect of the interrelation between two 
components i and j if i + j, or the intrarelation if i = j, and bi is the growth 
rate of i. This model has been used to describe dynamics of interacting 
biological species, or systems of chemical or biochemical reactions [2, 3 1. 
157 
0022-247X/82/07023 I-14%02.00/O 
Copyright Cm 1982 by Academic Press. Inc. 
All rights of reproduction in any form reserved. 
158 TAKEUCHI ANDADACHI 
Since the pioneering works by Volterra and Lotka [ 141, the stability of 
system (1.1) has been investigated extensively (for example, see MacArthur 
[lo], Goel, Maitra and Montroll [4], Kilmer [9], Aiken and Lapidus [ 11, 
May [ 1 I], York and Anderson [ 191, Goh [5-71, and Takeuchi, Adachi and 
Tokumaru [ 15-171, etc.). Except for [7, 17 1, these works are concerned with 
the stability of a nonnegative equilibrium point .f of system (1.1) which 
satisfies 
e aijxj + bi = 0, i = l,..., n. (1.2) 
j=l 
However, in order to know the global properties of (1. I), it is also necessary 
to discuss stability of equilibrium points x+ that only satisfy: 
X: i = l,..., n. 
The stability analysis of nonnegative equilibrium points of (1.1) cannot be 
restricted to points satisfying (1.2). 
It is also to be noted that the existence of a nonnegative equilibrium point 
has been assumed a priori. This is due to the difficulty of solving (1.2) or 
(1.3) under the restrictions 
or 
xi > 0, i = l,..., n, (1.4) 
XT 20, i = l,..., n. (1.5) 
The exceptional cases are those when the matrix A = (aij) is skew-symmetric 
[4, 191. 
A sufficient condition for the existence of a nonnegative and stable 
equilibrium point of system (1.1) is given in [ 171. This paper shows that this 
condition is also necessary when matrix A = (aij) satisfies a certain 
condition. On the other hand, conditions for stability obtained in [ 16, 171 are 
related closely to the condition for the existence of a nonnegative and stable 
equilibrium point for every b = (bi). The nonnegative and globally stable 
equilibrium point is proved to be a solution of a corresponding linear 
complementarity problem. 
2. NOTATION AND DEFINITIONS 
In vector form, system ( 1.1) is expressed as 
$ = X(t)[Ax(t) + b], (2.1) 
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where ?c(t) = (x,(t),..., x,(t))’ is an n-dimensional real vector, A = (aii) is an 
n x n real nonsingular matrix, X(t) = diag(.u,(t),..., x,(t)) is an n x n real 
diagonal matrix, and b = (6, ,..., b,)T is an n-dimensional real constant 
vector. 
R” represents n-dimensional Euclidean space. R”, = (x ( x E R”, x > 0), 
R:,= (x~xER”,x>O}. Let I be a subset of N= (l,...,n} andJ=N-I. 
Then R: = {X ] x E R”, xi > 0 for i E I and xj > 0 for j E J} defines the set 
which corresponds to the nonnegative equilibrium point x* = (.u,*,.... x,*)r, 
where x,? = 0 for i E I and x* > 0 for j E J. The set c is the complement of 
RF in R:,. 
DEFINITION 1. When B is an n x n real matrix, B E S,,. implies that 
there exists an n x n positive definite diagonal matrix W such that 
WB + Br W is positive definite. 
DEFINITION 2. When B is a real square matrix, B E P implies that all 
the principal minors of B are positive. This matrix is called a P-matrix. 
DEFINITION 3. Let B = (b,) be an n x n real matrix. A product of the 
form such as 
is called a cycle in B of length r (> l), where indicies h, , hz ,...,h,. are 
contained in indicies 1, 2,..., n and they are all distinct numbers. A cycle of 
length one is an element bjj. 
The solution x(t) of system (1.1) for an arbitrary nonnegative initial value 
is nonnegative after initial time [3, 151. This property is necessary since it 
makes no sense to speak of negative populations or chemical concentrations. 
Therefore, only nongenative solutions are concerned in this paper. Further. if 
xp = 0, where x0 = (~7 ,..., x”,)’ is an initial value of (l.l), then the ith 
component of the solution xi(t) = 0 after initial time [ 151. This implies that 
the solution x(t) of system (1.1) with an initial value x7 = 0 for some i 
satisfies the following system of equations: 
T = d(f)[&(f) + q, 
Xi(f) = 0. 
(2.2) 
(2.3) 
Here 2 (or a) is the (n - 1)-dimensional vector obtained from x (or b) by 
deleting its ith component, and 2 (or d) is the (n - 1) x (n - 1) principal 
submatrix of A (or X) with its ith row and ith column deleted. 
409;88.‘l-I I 
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System (2.2) is called a reduced system of (1.1) in this paper. The reduced 
system of (1.1) with k variables is defined similarly for every 0 < k < n. 
The stability of a nonnegative equilibrium point of system (1.1) or that of 
reduced systems are defined as follows, in consideration of nonnegative 
property of the solution. 
DEFINITION 4. Let x* be a nonnegative equilibrium point of system 
(1.1) such that XT = 0 for i E I. The equilibrium point is called 
asymptotically stable in the large with respect to the set R:, if and only if 
(i) the equilibrium point x* is stable with respect to R:, namely, if for 
every E > 0 there exists B(E) such that if 1 x0 - x* 1 < B(E) and the solution 
x(l)ER:,thenIx(t)-x*l<efort>O,and 
(ii) every solution converges to x* as t + +cr, if x0 E R,“. 
A nonnegative equilibrium point of system (1.1) is called stable herefater, 
if the point is asymptotically stable in the sense of Definition 4. 
The stability of a nonnegative equilibrium point of the reduced system is 
defined similarly to Definition 4. 
3. EXISTENCE CONDITIONS OF STABLE EQUILIBRIUM POINTS 
Let us consider the general problem to find two vectors x E R” and .V E R” 
such that 
y=Bx+c, (3.1) 




given an n x n matrix B and a constant vector c E R”. The problem is called 
linear complementarity problem (B, c) in the theory of mathematical 
programming. Linear complementarity problem (B, c) is denoted by 
LCP(B, c), hereafter. 
By (3.2) and (3.3), constraint (3.4) 




yixi = 0 (3.6) 
STABILITY OF SYSTEMS OF VOLTERRATYPE 161 
for each i = l,..., n. Therefore, a solution x of LCP(B, c) satisfies the 
following equation: 
X(Bx + c) = 0, (3.7) 
where X = diag(x, ,.., x,). 
If every submatrix of A is nonsingular, 2” equilibrium points of (1.1) are 
possible at most and they satisfy the equations 
x+(Ax+ +b)=O, (3.8) 
where X+ = diag(x: ,..., x,‘) is an n x n diagonal matrix and x+ is an 
equilibrium point of (1.1). Let a nonnegative equilibrium point of (1.1) 
which satisfies (3.8) be denoted by x * throughout the paper. From the 
definition of LCP, it is clear that the problem to find x* of (1.1) satisfying 
Ax*+b<O (3.9) 
is equivalent to the linear complementarity problem (-A, -b). Constraint 
(3.9) is a necessary condition for x * to be stable, as proved in Lemma 2. 
Hence, (3.9) is a natural restriction for an equilibrium point when only 
stable equilibrium points are concerned. Many results are known with 
respect to the existence and the uniqueness of solutions of linear complemen- 
tarity problems, and they are applicable to the stability analysis of systems 
of the generalized Volterra type. The following lemma is used. 
LEMMA 1 [ 121. The linear complementarity problem (B, c) has a unique 
solution for each c E R” if and only if B is a P-matrix. 
A sufficient condition for the existence of a stable equilibrium point is 
already known [ 171. 
THEOREM 1 [ 171. If -A E S,., then system ( 1.1) has a nonnegative and 
stable equilibrium point for each b E R”. 
If -A E S,, every principal submatrix of -A belongs to S,.. Hence, the 
conclusion of Theorem 1 holds for every reduced system of (1.1) [ 171. 
Necessary and sufficient conditions for the existence of a stable 
equilibrium point of system (1.1) are not known in the general case, but 
Lemma 2 gives a necessary condition for the existence. 
LEMMA 2. Let us co,nsider the following system, with all fi continuous: 
6(t) - = xi(t)hfx(t)), dt 
i = l,..., n. (3.10) 
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If a nonnegative equilibrium point x* of system (3.10) is stable in the sense 
of Definition 4(i). then 
./x-x*) < 0, i = I,..., n. (3.11) 
The proof is given in Appendix A. 
For system (1. l), Lemma 2 implies that a stable equilibrium point x* 
must be a solution of LCP(-A, -b) because relations (3.11) are equivalent 
to (3.9). 
THEOREM 2. If a nonnegative and stable equilibrium point of system 
(1.1) exists for each b E R”, then -A E P. 
The proof is given in Appendix B. 
From Theorem 2 and Lemma 1, if (1.1) has a stable equilibrum point for 
each b, it is a unique solution of LCP(-A, -6). 
If -A E S,,, then -A E P [ 151, but -A E P does not imply -A E S,,. in 
general. However, P is identical with S, when the structure of system is 
restricted. 
LEMMA 3 [ 161. Suppose that A = (aij) is a square matrix and that it 
satisfies one of following: 
6) every cycle in A of length greater than 2 is zero, 
(ii) every cycle in A of length greater than 1 is nonnegative. 
(iii) every cycle in A is equal to each reverse cycle. that is, 
aijajk ... a lmami=aimamI ... atiaji (3.12) 
for every distinct index, and further. 
w apq = sgn aqp (3.13) 
for any p and q. Here 
w ap4 = a,dl ap4 I if apq # 0 
=o otherwise. (3.14) 
Then, -A E P if and oly if--A E S,.. 
By Lemma 3 and Theorems 1 and 2, the following theorem holds. 
THEOREM 3. Suppose that A satisfies (i), (ii) or (iii) of Lemma 3. Then 
system (1.1) and every reduced system of (1.1) have a nonnegative and 
stable equilibrium point for each b E R”, respectively, if and only if -A E P. 
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When A is two dimensional or is triangular, each A satisfies (i) of Lemma 
3. Hence, the conclusion of Theorem 3 holds for system (1.1) with such a 
matrix A. 
The system with only nonnegative cycles in A is constituted of two 
cooperative subsystems, which have the competitive interaction between 
them [ 16). The matrix A of this kind is called a Morishima matrix in 
economics. A particular type of system (1.1) with only nonnegative cycles in 
A is a cooperative system, that is, system with a matrix A such that ai,; > 0 
for any i #j. This matrix -A is called an M-matrix if -A E P. 
A symmetric matrix satisfies (iii). Further, there exists a nonsingular 
matrix U such that Up’AU is a symmetric matrix if and only if A satisfies 
(iii) [ 131. 
4. EXAMPLE 
Let us consider the following three-dimensional systems of the generalized 
Volterra type: 
dx, -&7 = x,(-3x, + 3x, - x3 + b,), 
dx, 
dt = x2( x, - 4x, - 2x, + bl), 
dx3 -= 
dt 




The corresponding linear complementarity problem is expressed as follows: 
y=-(Ii -i 2), -y-($i), 
Y > 0, 
x > 0, 





Since the matrix 
-A= (-I -i I) (4.6) 
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is a P-matrix, this linear complementarity problem has the unique solution 
for each b E R 3 by Lemma 1. For xample, the unique solution for 
(4.7) 
is x = (2, l,O)‘, = (O,O, 3)T. 
Since every cycle in A of length greater than 1 is nonnegative, matrix A 
(4.6) is a Morishima matrix. By Theorem 3 and -A E P, the x* = (2, 1,O)r 
is asymptotically stable with respect to the set R: = (x)x E R3, x, > 0, 
x2 > 0 and x3 > O}. 
Let us consider two reduced systems of system (4.1) with (4.7): 
2 =x,(-4*, - 2x, + 2), 
%=x3( -3x, + 1) 
and 
dx 
1 =x,(-3x,- XJ + 3), 
dt 
4 -&=x,(-2x, - 3x, + 1). 
(4.8) 1 
(4J3)2 
By Theorem 3, systems (4.8) and (4.9) have nonnegative and stable 
equilibrium points, respectively. They are ($, 2:) = (l/3, l/3) and 
($, 2:) = (LO). Therefore, (0, l/3, l/3) is asymptotically stable with 
respect to the set 2: = {x ) x E R3, x ,=O,x,>Oandx,>O}and(l,O,O)is 
asymptotically stable with respect to the set xj = (x 1 x E R3, x, > 0, x2 = 0 
and xj > 0). 
Similarly, two equilibrium points (0, l/2,0) and (O,O, l/3) are 
asymptotically stable with respect to the sets (x 1 x E R3, x, =x, = 0 and 
x2 > 0) and (x 1 x E R3, x, = x2 = 0 and x3 > 0), respectively. Therefore, the 
property of any solution in R :, of system (4.1) is obtained. 
5. CONCLUSION 
The stability condition -A E S, is sufftcient to ensure the existence of a 
stable equilibrium point of system (1.1). The stable equilibrium point must 
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be solution of the corresponding linear complementarity problem (-A, -b). 
Therefore, it can be computed easily with known practical algorithms for 
LCP (-A, -b). When the structure of system (1.1) is restricted, condition 
-A E S, is necessary and sufficient for the existence of a stable equilibrium 
point for every b E E”. Therefore, one needs to relax the condition when the 
stability of system (1.1) with a speciJied b E R” is studied. 
APPENDIX A:PROOF OF LEMMA 2 
If the lemma is not true, then there exists an index i E I such as 
jJ(x*) > 0. (A.11 
Here I is a subset of N = { l,..., n} such that xz = 0 for any k E I. Sincefi(x) 
is continuous, the following relation is satisfied for some E > 0, 
.ux) > f3 > 0 forxES,=(xIIx-x*<e). (A.2) 
Let f2=S,nR;, then 
XiJ;:(X> > 0 for x E R. (A.3 1 
Let us define V(x) = xi, then the time derivative of V(x(t)) along a 
solution of system (4.1) is expressed as 
WW) 
dt 
= xJ(x) > 0 for x E R, 
(4.1) 
(A-4) 
from (A.3). Further, 
V(x) > 0 for x E R. (A.5 > 
Let Q,, = 0(x 1 xi > h} for h > 0, then there exists the minimum value 
a,, > 0 of x&(x) for x E R, if 52, f 4 from (A.3). That is, there exists an ah 
such that 
min (xiJi(x)} = ah > 0. 
.eRh 64.6) 
Let an initial value x0 E 0(x:) c Q, where x0 = (xy ,..., x”,)‘, and 
R(xP) = n n {x ) xi > xp}. 64.7) 
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If the solution x(r) E fi(xy), then 
V(x(t)) = x,(t) 
=xp+ 1 




> xp + cqxp, . f (‘4.8) 
from (A.4) and (A.6). Here 
4xP) = ,E$?g, wxx)l > 0. (A.9) 
, 
Equations (A.8) and (A.9) imply that the solution x(t) intersects 0(x:) at 
some time r since V(x) is bounded on n(xp). that is, 
V(x(r)) E m(xp). (A. 10) 
Clearly x(r) E as, because if x(r) E an(xp) but x(r) & &S,, then 
V@(r)) = xp, (A.11) 
which contradicts 
P-(x(r)) > xp (A.12) 
from (A.8). Here as, and aJ2(xy) are boundaries of S, and 0(x:), respec- 
tively. Further, (A.l) implies that x” = 0 and x* @ aS, since x* is an 
equilibrium point of the system. Hence, x* is not stable with respect to R:. 
This completes the proof of Lemma 2. Q.E.D. 
APPENDIX B:PROOF OF THEOREM 2 
If -A & P, then LCP(-A, -b) does not have unique solution for some 
b E R” by Lemma 1. If there exists no solution, then system (1.1) has no 
nonnegative and stable equilibrium point by Lemma 2. Therefore, let us 
suppose the existence of two solutions x* and ,K** (x* #x**) of 
LCP(-A, -6) for 6. 
When x* or x* * is not positive, let Z*(Z**) be subset of N= { l,..., n} 
such that 
xi*=o, 5 aijxJ? + bj,<O for i E I*, (A.13) 
j=l 
n 
x,**=o 3 ‘i? akjxT* +b,<O forkEZ**. 
,T, 
(A. 14) 
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Define b’ such that 
6; = b; - E. 6, = b, - E foranyiEI*, kEZ**, (A.15) 
where E > 0. Then LCP(-A. -b) has two solutions x* and x** satisfying 
xjh = 0, 2 aijxj++lYj<O for i E I*. (A.16) 
j=l 
xk** =o. 6 a,jxi**+b;,<O forkEI**. 
jr, 
(A.17) 
When (1.1) with b = 6 is linearized at x=x* (or x=x**), the ith (or 
kth) equation is expressed as follows: 
ii = + aijxT + 6 xi 
C=l ) 
for i E I* 
I 
or 
forkE I**. (A. 19) 
By (A.16) and (A.18) (or (A. 17) and (A. 19)), there exists an n*-parameter 
(or ,** -parameter) family of solutions x(t, c), c = (c, ,..., c,,.)’ (or ~(t, d), 
d = (d, ,..., d,..)T), with the following property: For each a, there exists a 
y(a) such that for sufficiently small ICI (or ldl) 
I-~(t,c)-x*I~y(a)Icle-‘~‘-“‘I, t>O (A.20) 
or 
Ix(t, d) - x* I < y(u) IdI e-(rlm*-n’r, t>O (A.21) 
[S]. Here n* (or n * *) is the number of indices i E I* (or k E I* *) and 
-q* = max 
ieI- I 
TT aijx,+ + Kj < 0, 
,r, I 
-)I **= ,“EfZ ;- 
I ,r, 




Inequality (A.20) (or (A.21)) implies the existence of solutions which 
approach to x* (or x* *). This contradicts to the assumption of the theorem. 
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since A is nonsingular and x** is a solution of LCP(-A, -b). By the 
assumption of the theorem, x* is stable. Hence, (A.24) also contradicts the 
stability of x*. 
Therefore, LCP has a unique solution for each b E R”, that is, -A E P. 
Q.E.D. 
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